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ABSTRACT: We have conducted detailed comparisons of the predictions of self-consistent mean-field
(SCMF) theory with results of Monte Carlo simulations for bulk lamellar structures of symmetric diblock
copolymers A—B in concentrated solutions. Large differences are found among the values of the Flory—
Huggins parameter extracted in different ways. Under the convolution approximation, we assess the
accuracy of the SCMF theory by comparing simulated lamellar profiles with those obtained from the
theory. A Flory—Huggins parameter inferred from the free energy of the system provides good overall
agreement between simulated and theoretical lamellar profiles. The results of simulations for chain
dimensions scale with the product €N, where € denotes the repulsion between A and B segments, and N

is the chain length.

1. Introduction

Diblock copolymer molecules consist of two distinct
polymer chains (blocks) covalently bonded at one end.
Because of the connectivity constraints and the incom-
patibility between the two blocks, diblock copolymers
spontaneously self-assemble into microphase-separated
domains that exhibit ordered morphologies at temper-
atures below the order—disorder transition (ODT).! In
the case of symmetric diblock copolymers where the two
blocks have the same volume fraction, the ordered
structure consists of lamellae of spatially alternating
A-rich and B-rich layers. Such lamellae have been
studied extensively, both by molecular simulations and
theory, largely as a result of their simple one-dimen-
sional structure and the inherent symmetry. Following
the seminal work of Helfand,? Helfand and Wasser-
man,3~% and Leibler® on the microphase separation of
block copolymers, several theories have been proposed
to study these materials; of these, the self-consistent
mean-field (SCMF) theory is perceived by many as
providing one of the more satisfactory descriptions of
copolymer systems, including melts, solutions, blends,
and, very recently, copolymer/nanoparticle systems.”—°
Readers are referred to refs 10 and 11 for reviews of
the SCMF theory. As is the case for any theoretical
formalism, however, the SCMF theory is built on a
number of assumptions that must be closely scrutinized
in order to determine its predictive ability, and to
further improve its accuracy. For example, the SCMF
theory employs a Gaussian thread model of polymer
chains to describe the entropy of the system, and it
adopts a Flory—Huggins interaction parameter yag to
account for energetic contributions to the free energy
of the system. The theory does not take into account
fluctuation effects, and generally ignores equation-of-
state (compressibility) effects. In the case of solutions,
chain-swelling effects are also neglected. Much of our
work is concerned with applications of block copolymers
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to nanopatterning, where low molecular weight poly-
mers must be used to achieve the target length scales
of tens of nanometers. In these cases, it is unclear if
and to what extent the SCMF theory can provide
accurate predictions. In view of the qualitative success
of the SCMF theory in describing experimental data for
high molecular weights, it is of interest to explore the
consequences of some of its approximations, and to
examine its accuracy for low to intermediate molecular
weights. Molecular simulations (Monte Carlo simula-
tions and molecular dynamics) are attractive in this
regard because they can provide “exact” solutions for
model systems. Furthermore, some quantities that are
difficult to determine in experiments or in theory are
readily accessible in simulations. Several groups have
reported results of simulations for symmetric diblock
copolymers in the bulk (either in melts or in concen-
trated solutions);*?732 bulk simulations on cylinder-
forming?833-36 and sphere-forming3® asymmetric diblock
copolymers have also been reported. Most of these are
lattice Monte Carlo simulations performed at constant
number of copolymer chains; exceptions to this trend
are provided by our previous work,32:36 in which lattice
Monte Carlo simulations were performed in an ex-
panded grand-canonical ensemble, and by the work of
Kremer et al.,2”30 in which molecular dynamics were
performed at constant pressure. For the more widely
studied case of symmetric diblock copolymers in con-
centrated solutions or melts (characterized by a copoly-
mer segmental density ¢c = 0.5), we briefly summarize
those lattice Monte Carlo simulations in Table 1.

A significant contribution of molecular simulations
has been to examine one of the key underlying assump-
tions in Leibler’s theory, namely that copolymer chain
conformations remain Gaussian despite the energetic
repulsion between A and B segments®. Deviations from
the Gaussian conformation, even at temperatures well
above the ODT, were originally identified in simulations
by Binder and co-workers,371533 and subsequently in
other simulation studies.16-1821.23,25-31.3536 Erijed and
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Table 1. List of Published Lattice Monte Carlo Simulations on Thermodynamic Behavior of Symmetric Diblock
Copolymers in Concentrated Solutions or Melts'

ref lattice? box size N bc interactionsP
12 SQL 1282 10-40 0.6 ean = egg = — 2kgT
20 2dBFM1x 442 A10B11 0.9545 €rB
14,15 SCL (16—32)3 16—60 0.8 ea = 0
16¢ FCC 203 20-50 0.6—1 erg =0
17d SCL 223 0.845 erg= 0
18, 23 SCL (17—-30)3 36, 60 0-0.76 ean < 0,eg8 <0
21,22 BFM1x (17—-112)3 6—192 0.6—-0.9 erg= 0
24 SCL 223 0.45—-0.85 eag =€av > 0
25f BFM1 (27—45)3 20—-80 0.5 en = (4—4.48)kgT
26 BFM1x 403 0.8 erg= 0
28 FCC 30 x 30 x 40 20, 40 1 erg > 0
299 BFM 50 x 50 x L, 16—48 0.6 erg =0
31 BFM1x 508 0.6 eas =0
32h SCL Ly x Ly x L; 0.8 epg = (0.417—0.455)kgT

a Abbreviations for different lattice models: two-dimensional square lattice (SQL); two-dimensional single-site bond fluctuation model
with bond-crossing (2d BFM1x); simple cubic lattice (SCL); face-centered cubic lattice (fcc); bond fluctuation model (BFM); single-site
bond fluctuation model without bond-crossing (BFM1) and with bond-crossing (BFM1x). ? Vacancies are denoted by V; all other interactions
are set to zero; refer to section 2.1.1 or original papers for details. ¢ Chain length N = 100 was used in some cases. 9 Boxes of (24—44)3
were used in some cases at eag = 0.5kgT. € Vacancies were treated as A and B monomers of equal amount. f All simulations were below
the ODT. 9 1600 chains were confined between two repulsive walls separated by L, = 135—410 (adjusted according to chain length N).
h Rectangular boxes with Ly = Ly #= L, were used; all simulations were below the ODT. | Please refer to the original papers for details.

Binder also proposed approximate scaling relations for
static properties of copolymers (which will be discussed
in detail in section 3.7), and identified a collective length
scale for compositional fluctuations.141533 In two-
dimensional simulations, Yang and co-workers demon-
strated that A and B segments mix in a nonrandom
manner due to the chain connectivity, thereby implying
a difference in the values of yag for the diblock copoly-
mer and the corresponding homopolymer blend.?° Using
a single-site bond fluctuation model,3’, Larson reported
a qualitative change in the order—disorder transition
and compositional fluctuations at chain length N ~
50.2122 More recently, Pakula identified in simulations
a temperature (above the ODT) at which diblock co-
polymers exhibit a crossover from a homogeneous state
to a state with considerably larger compositional fluc-
tuations.?® The dynamic behavior of diblock copolymers
has also been studied by molecular simula-
tions.19.24.2528—-3035 A5 noted above, most simulations of
ordered block copolymer structures have been conducted
at constant volume. In view of the large finite-size
effects encountered in these systems, constant-volume
studies can only provide qualitative or semiquantitative
results regarding the ODT temperature and the equi-
librium bulk period Lo.3236:38 To our knowledge, the only
published constant-pressure simulations of diblock co-
polymers were performed by Kremer and co-workers,
who studied dense melts of symmetric diblock copoly-
mers by molecular dynamics.?’:3% They confirmed the
scaling of Lo O N2B in the strong segregation regime,
but the problem of accurately determining the ODT
from simulations remains unsolved.?7:30.38

Ironically, most comparisons between simulations and
theory have been restricted to the ODT tempera-
ture;13:1416,1821,22.31 these studies have focused on weak
segregation theories, i.e., theories by Leibler,® by Fre-
drickson and Helfand,?® and by Barrat and Fredrick-
son.“® To the best of our knowledge, the only quantita-
tive comparisons between the SCMF theory and simula-
tions were reported by Geisinger et al., who studied thin
films of symmetric diblock copolymers confined between
two homogeneous and identical surfaces.*#2 Their study
assumed that yag is proportional to the parameter used
to quantify the repulsion between A and B segments in
simulations.*1:42

The work presented here differs from earlier studies
in several important respects. First, we consider bulk
systems, as opposed to confined films. Second, our
simulations are performed at constant chemical poten-
tial, thereby allowing us to compare the SCMF theory
and simulations on the basis of the free energy of the
system. Third, our theoretical calculations take the
solvent into account, which provides an additional test
of the predictive capability of the theory. In contrast to
ODT-based comparisons, our simulations are performed
at temperatures below the ODT. The problem of ac-
curately determining Lo is also avoided by making
comparisons for lamellae at some specified period L,
instead of L.

2. Models

2.1. Lattice Monte Carlo Simulations. Our Monte
Carlo simulations are performed in an expanded grand-
canonical ensemble in the framework of a simple cubic
lattice. The model employed in this work is the same
as that employed in ref 32, where a detailed description
can be found. Only a brief account is given here.

2.1.1. Simple Cubic Lattice Model. In the simple
cubic lattice model, a symmetric diblock copolymer chain
of length N consists of the same number of A and B
segments connected by bonds whose length is taken to
be the lattice unit. Each segment occupies one lattice
site, and each lattice site is occupied by at most one
segment. In this work, a cubic simulation box of length
Ly is employed.*® Periodic boundary conditions (PBC)
are imposed in all directions. We only consider a
repulsive interaction energy eag = 0 between nonbonded
nearest-neighbor A—B pairs separated by one lattice
unit; we set ean = egg = 0. Interaction energies involving
vacancies (unoccupied lattice sites) are also set to zero;
these vacancies can therefore be viewed as neutral, good
solvent molecules. We define our energy parameter as
e = eap/ksT, where kg is the Boltzmann’s constant and
T is the absolute temperature. A reduced temperature
is defined as T* = 1/e.

2.1.2. Simulation Details. We perform Monte Carlo
simulations in a variant of the expanded grand-canoni-
cal ensemble method proposed by Escobedo and de
Pablo.** The chemical potential and temperature of the
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Figure 1. Schematics of the bulk lamellae in our simulations.
Periodic boundary conditions are applied in all three directions
of a cubic simulation box of length Ly,. Two periods of lamellae
with a period of L = Ly/2 form along the x axis.

system are specified prior to a simulation, and the
density of the system (fraction of lattice sites occupied
by copolymer segments) ¢¢ is allowed to fluctuate. In
addition to molecule displacements by reptation moves
and local (kink—jump and crankshaft) moves, we make
growing or shrinking attempts to gradually insert or
remove chains from the system.32 These moves are
performed with two segments of type A and, simulta-
neously, two segments of type B. To facilitate transi-
tions, a configurational bias scheme is introduced for
these growing/shrinking moves.32 As discussed later in
section 3.1, some of our simulations are performed in
the canonical (NVT) ensemble; only reptation and local
moves are employed in those cases. Metropolis-like
acceptance criteria are used in our simulations. One
Monte Carlo step (MCS) consists of ng reptation, local,
and growing/shrinking (not employed in NVT simula-
tions) trial moves, each of which occurs with the same
probability; here ns = ¢cV, and V = L2 is the volume of
the system. After equilibrium is reached, (4—15) x 1086
MCS are used to calculate average properties.

We study symmetric diblock copolymers of chain
lengths N = 24, 48, and 96. For each chain length,
simulations are performed at three different tempera-
tures (eN = 10, 20, and 40). The reduced chemical
potential u* = In(n/V) + u®/(kgT) is adjusted in each
case such that ¢c = 0.800, where n. is the total number
of chains in the system, and uF is the excess chemical
potential.32 We also choose Ly in each case such that
two periods of lamellae form along one of the coordinate
axes of the box. We denote this axis as the x axis, as
shown in Figure 1. These input parameters are listed
in Table 2.

2.1.3. Alignment of Lamellar Profiles. Since PBC
are applied in all directions, the lamellae move in the
simulation box during the course of a simulation run,
even along the x direction. Any variation along the x
direction would therefore be smeared out for a long
enough run, if the ensemble average is carried out in
the fixed coordinates of the box. To avoid this, we need
to “deduct” the motion of lamellae, i.e., to properly align
each collected profile along the x direction.

In our previous work on lamellar structures,3245 we
aligned the order parameter profile y(x) = ¢a(X) — ¢s(X)
by setting its maximum at x* = 1, where ¢a(x), for
example, is the fraction of lattice sites occupied by A
segments in the y—z plane at given x, and x* is the
aligned coordinate. This is adequate for a qualitative

Lamellar Structures of Diblock Copolymers 9565

Table 2. List of Input Parameters and Some Results in
Our Monte Carlo Simulations?

N eN u° Lo xN 2 Mo—1 g fgp  TaB

24 10 410 24 29.39 0.715
48 10 753 34 26.71 1.777
96 10 1453 48 23.57 3.366
24 20 434 28 61.66 0.364
48 20 779 40 57.97 0.891
96 20 147.5 56 47.37 1.477
24 40 46.9 28 179.8 0.257 0.0519 1.196 1.007 1.337
48 40 819 40 164.0 0.483 0.0119 1.200 1.012 1.347
96 40 151.3 56 134.4 0.788 —0.0122 1.196 1.012 1.346

0.1949 1.113 1.000 1.202
0.1893 1.114 0.999 1.208
0.2048 1.113 0.998 1.211
0.2073 1.181 1.011 1.309
0.1844 1.187 1.015 1.323
0.1922 1.185 1.015 1.324

aThe resultant segmental density is ¢c = 0.800 for each
simulation. lp denotes the equilibrium lamellar period predicted
by the SCMF theory at corresponding y,N. Refer to text for more
details.

20 . : — . .
15 N=48, T'=2.4
10 N=48, T'=1.2
© 4
5]
] N=24, T'=1.2
0 : : .
1x10° 2x10° 3x10°
No. of Sample

Figure 2. Motion of lamellae along the x axis (the direction
perpendicular to the lamellar interfaces) during the course of
a simulation run for given chain length N and reduced
temperature T*.

description of the profile. However, due to the fluctua-
tions of the system, when more than one period of
lamellae is present along the x direction, such alignment
breaks the periodicity of the profile and cannot be used
for a quantitative study. We therefore use the method
described below to align all the collected lamellar
profiles along the x direction, including the order
parameter profile y(x), the segmental density profile for
A blocks ¢a(x), the solvent density profile ¢s(x), the
A-end distribution profile Ea(x), and the A-joint segment
(the A segments bonded to a B segment) distribution
profile Ja(x). The last two profiles are rescaled such that
uniform distributions of A-end and A-joint segments in
the system give Ea(x) = 1 and Ja(X) = 1, respectively.

Since we have two periods of lamellae along the x
direction, each collected order parameter profile 1(x) has
four roots X! (i = 1, ..., 4), where y(x¥) = 0. These roots
are calculated by linear interpolation using the values
of y at neighboring lattice positions xx and xk+1 where
Y)Y (Xer1) < 0. We then use d = (x) + x5 + x3 + xJ)/4
to quantify the motion of lamellae along the x direction,
which is shown in Figure 2. We align all the collected
profiles by deducting the motion of the lamellae such
that y(x* = 0) = 0 and (dy/dx*)(x* = 0) > 0.

Because of the nature of the lattice model, each
collected profile only has values at xx = 1, ..., Lp. We
refine the alignment by dividing one lattice spacing into
10 equal subintervals. In other words, d is significant
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to one tenth when aligning the profiles. This is espe-
cially helpful when the A—B interfaces become sharp
at low temperatures. In addition, due to the PBC, we
have to assume that the motion of lamellae between two
consecutively collected system configurations is small,
so that we can track this motion and calculate x? (i = 1,
..., 4) without PBC,; this is necessary to ensure (dy/dx*)-
(x* = 0) > 0. Such an assumption is justified for our
simulations. Finally, the ensemble-averaged, aligned
profiles are averaged over their two periods before being
compared with SCMF calculations. In the remainder of
this paper, the superscript in x* is dropped, and the
lamellar period is denoted by L = Ly/2. For all the
lamellar profiles shown here, 0 < x/L < 0.5 corresponds
to an A domain and 0.5 < x/L < 1 corresponds to a B
domain.

2.2. Self-Consistent Mean-Field Calculations.
The SCMF theory for diblock copolymers has been
discussed in detail in the literature.*64” We use n; to
denote the number of A—B diblock copolymer chains of
length N in a system of volume V. The small-molecule
solvent is denoted by S. We parametrize the segmental
position on a chain by a variable s €[0, 1], where s < fa
corresponds to the A block, and s = fa corresponds to
the B block; fa is the volume fraction of A in the
copolymer. The crux of an SCMF calculation is to solve
the modified diffusion equation

Na’ ;
9 5 Ve — ol TS =Ta
e &
SN’ 2, ifs>f
6 Oc — wglc = A

where qc(r, s) corresponds to the probability of finding
a chain of length s that starts from s = 0 (A end) and
ends at position r, a is the Kuhn length of the chain
(assumed to be the same for the two blocks), and wa(r),
for example, is a mean field that interacts with the A
blocks. By defining t = 1 — s, a similar quantity qg(r, t)
can be defined, which corresponds to the probability of
finding a chain of length t that starts from t = 0 (B end)
and ends at position r and which satisfies

Na?

- Tvzq’é—qu’é iftZl_fA
E?tc - 2 @

Na® goox _ ) gt ift<1—f

6 Oc — wglc = A

For the small-molecule solvent S, the modified diffusion
equation becomes*’

o
25 =~ @sts 3)

For given mean fields wa(r), ws(r), and ws(r), initial
conditions qc(r, s = 0) = 1, q&(r, t = 0) = 1, and gs(r, s
= 0) = 1 must be applied along with appropriate
boundary conditions (e.g., periodic boundary conditions
for bulk systems) to solve eqs 1—3, respectively. The
densities ¢a(r), ¢s(r), and ¢s(r) can then be calculated
from*8
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gV

A= ofA de(r, s)ge(r, 1 —s) ds ()
c

$cV .
e = zC_C j;i de(r, s)qe(r, 1 —s) ds (5)

_ ‘E’SV 1
¢s = Z_s qS(r'N) (6)
where
zc= [qc(r, 1) dr = [ gi(r, 1) dr (7)
2= [ adfrig) dr ®)

¢c and ¢s are the average density of diblock copolymer
segments and solvent molecules in the system, respec-
tively. At any position r, the mean fields are related to
the densities by

wp = 05 = xpagNdg T 2asN(@s — da) — xesNog  (9)
wg — 0g = xpagN@a T 15sN(@s — ) — xasNda (10)

where yag, for example, is the Flory—Huggins inter-
action parameter between A and B segments. Note that
¢c + ¢s = 1 and that at any position r

patdgtods=1 (11)

The above equations need to be solved self-consistently.

Having determined the densities and the mean fields,
the free energy per chain of the system can be calculated
as

AFmixing 1
fCEanTZ —\—/f(wA¢A+wB¢B+wS¢S—

1asNOads — 1asNPaPs — xsNogds) dr —

oc In E—C — ¢sN In § (12)
Pc s

where AFMXing is the free energy of mixing. For an
athermal solution where yag = yas = yxss = 0, the free
energy per chain becomes f. o = ¢c Ingc + ¢sN Ings. The
A-end and A-joint segment distributions defined above
can be calculated as

NV ,uN .

Ea= Zc qc(r, s)ge(r, 1 —s) ds (13)
NV ffa .

Ja= 2o Jta-am) qc(r, S)ge(r, 1 —s)ds  (14)

We use the Douglas scheme*® to solve the modified
diffusion equations. This scheme is superior to the
commonly used Crank—Nicolson scheme in that it
provides higher accuracy in the space domain,® as
shown later in Figure 9. Our solution to the SCMF
equations is described in the Appendix. In this work,
we set fa = 1/, and yas = yss = 0. The SCMF equations
are solved for a one-dimensional unit cell that contains
one period of lamellae and has volume V = 1.51 By
making the transformation r — r/Rg 0, where the radius
of gyration Ry = a~/N/6 for a Gaussian chain of length
N, the SCMF equations can be expressed in dimension-
less form, where the only parameters left are the
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average copolymer segmental density ¢c, the dimen-
sionless unit cell length | = L/Rg 0, the product of yagN,
and the chain length N (this is not a parameter for the
case of incompressible diblock copolymer melts). To
compare with simulation results, values of these pa-
rameters are directly taken from simulations; note that,
for a given €N, the value of yagN is extracted in the
various ways discussed in section 3.2. The subscript in
xag is dropped in the reminder of this paper.

2.3. Convolution Approximation. By virtue of its
mean-field nature, the SCMF theory does not include
fluctuation effects, one of which is the capillary-wave
broadening of lamellar profiles along the x direction. For
systems of large size in the other two (y and z) direc-
tions, this effect is significant and must be taken into
account when comparing the profiles from mean-field
theory with those from simulations or experiments.4252-57
We therefore use the convolution approximation to
relate the broadened profile (denoted by the superscript
“CONV”) to its SCMF prediction (denoted by the super-
script “SCMF”). This is achieved through expressions
of the form

$SONV(x:s2) = f_°°m oaMF(x — u)P(u;s®) du  (15)

where P(u;s?) = exp[— u?/(2s?)]/v/2xs® is the Gaussian
distribution of the local A—B interfacial position and s?
is the mean-square displacement of the interface. For
single-interface systems (e.g.vapor—liquid interface or
polymer blends), capillary-wave theory can provide
certain predictions on the value of s2.5658-60 For lamellae
of diblock copolymers, however, a simple quantitative
prediction for s? is not yet available.*?2 We therefore
follow ref 42; i.e., for a given ¢>-""(x) and ¢~ (x) we
adjust s? to obtain a least-squares fit between the
broadened and the simulated segmental density profiles.
A more detailed simulation study on the capillary-wave
broadening of lamellar profiles is currently underway.6?

3. Results and Discussion

3.1. Athermal Simulations for Estimation of Rgp.
As discussed above, Ry provides the length scale for
obtaining the dimensionless form of the SCMF equa-
tions in both cases of diblock copolymer melts and
solutions. Because of the presence of solvent in our
simulations, we calculate the mean-square radius of
gyration of copolymer chains in a series of athermal
simulations (e = 0) at different copolymer concentrations
(¢c = 0.7, 0.8, and 0.9), denoted by R2; o(¢c), and then
extrapolate the results linearly to obtain Rgo =

«/ngoz(éc =1). These simulations are performed in a

canonical ensemble with L, = 24 (for N = 24) or 48 (for
N = 48 and 96). The relative uncertainties in Rgo?(¢c)
are (1-5) x 1074 for all these simulations.

The results are shown in Figure 3a. A slight swelling
of the chains is observed as ¢c decreases; this is
consistent with refs 16 and 62. The swelling is more
noticeable for longer chains. Nevertheless, the increases
of the radius of gyration in Figure 3a are at most about
3—5% of Rgo. The scaling of Rgo?(¢c) with N obtained
from our simulations is shown in Figure 3b for ¢c = 0.8
and 1.

3.2. Flory—Huggins y Parameter. The y parameter
is introduced in the theory to characterize the energetic
repulsion between A and B segments; in practice,
however, y is often viewed as a phenomenological
parameter that corrects the simplified theoretical treat-
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Figure 3. Mean-square radius of gyration of copolymer
chains. (a) Rgo%(¢c) obtained in athermal simulations as a
function of copolymer concentration ¢c. The solid lines are the
linear, least-squares fit for each chain length N. (b) Scaling
with N. ¢c = 0.8 for eN = 10, 20, and 40. The solid lines are
the linear, least-squares fit with expressions displayed for
corresponding conditions.

ment of the energy and/or the entropy of a “realistic”
(experimental or simulated) system. Therefore, when
fitting experimental or simulation results using a
theoretical formalism, the resultant value of y depends
on both the theory and the fitting process.

In previous simulations of diblock copolymers, the
value of y has been extracted from energy consider-
ations. For lattice simulations, since ¢ is the actual “raw”
parameter that characterizes the energetic repulsion
between A and B segments, most simulation
studies!416,18,20-22,2528,41,4263 haye assumed that y is
directly related to € by

%= ya= Ac (16)

where the proportionality constant A depends on the
lattice type, but not on e. For a ya based on the
segmental energy Es of the system, i.e.

XA(_PA(_PB = Eg=npgel (Va’c) (17)

where nag is the total number of A—B contacts (non-
bonded nearest-neighbor A—B pairs) in the system (it
is assumed that each A—B contact results in the same
energy ¢), a mean-field, Flory-type formula of the form
Nag = (Z — 2)pagsV gives
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A== € (18)
bc
where the coordination number is z = 6 for the simple

cubic lattice employed in our simulations. In some other
simulation studies,2028:31.64 the relation

5 (19)
X=Xep==—-"
=0 e

has also been used, where E; is obtained directly from
simulations. Note that a disordered (homogeneous)
phase is implied in both egs 18 and 19, because ¢a and
¢p are used to estimate y. More appropriately, the
following relation could be used

E.V
[ bapp dr

where Es is again obtained directly from simulations.
Here, eq 20 reduces to eq 19 for a disordered phase, and
it accounts for the energy of an ordered phase in a more
meaningful manner. Note that in the case of yas = ygs
=0, (N/V)y [oage dr is exactly the energy per chain E.
= EsN in the SCMF theory. For a given N, the quantity
Joags dr in SCMF calculations depends on the value of
x; to obtain ye for a given ¢, we adjust the value of ye
such that the SCMF calculation gives the same energy
as that obtained in simulations.

In contrast to all previous simulations of block
copolymers, our simulations are performed at constant
chemical potential. This provides us with the op-
portunity to make a direct connection between the
SCMF theory and simulations based on the free energy
of the system, which includes both entropic and ener-
getic contributions. At a given ¢c, the difference in the
reduced chemical potential of the copolymer in an
ordered state and in the athermal solution, Au™*, can be
determined in SCMF calculations according to

X=Xe (20)

o _ df, _ dfy,
Au*= pu* — g = fC+¢Cd7>C - fc,o+¢>cd7)c (21)

The values of u* in our expanded grand-canonical
simulations are chosen to give ¢c = 0.800. Therefore,
equating Au* obtained from simulations with that
obtained from eq 21 provides another way of extracting
the y parameter; we denote this value by y,. In our
SCMF calculations, df/d¢c is approximated by the
central difference around the value of ¢c obtained from
simulations.

Figure 4 compares the values of yN obtained in the
different ways outlined above. Large differences are
found between ya and ygp, resulting from the assump-
tion of constant nag used in eq 18. This assumption is
in accordance with that used in eq 16, namely that A
does not depend on ¢; both of them are not appropriate
for microphase-separated block copolymers. As seen
from Figure 4, the segmental energy Es obtained from
simulations, which is directly proportional to yep,
exhibits a rather weak dependence on ¢. This indicates
that nag in simulations is nearly proportional to the
reduced temperature T*. Finally, if the SCMF theory
agrees well with simulations, ye and x, should be close
to each other. However, in Figure 4 we see large
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Figure 4. Comparison of the product of chain length N with
the Flory—Huggins parameter y extracted in different ways
from simulations. The symbols of different shape correspond
to different N, as shown in the legend. The solid line represents
xaN from eq 18. For given €N and N, we have yaN > y,N >
xeN > yepN. Refer to text for more details.

differences between them, especially at low tempera-
tures. This clearly reveals the complexity in the use of
the Flory—Huggins y parameter. In the reminder of this
work we use y,N to make further comparisons between
simulations and SCMF calculations. The values of y,N
are listed in Table 2.

3.3. Segmental Density Profiles of One Block. As
discussed in section 2.3, we use the convolution ap-
proximation and adjust the value of s? through a least-
squares fit of simulated segmental density profiles; the
resulting values of s? are listed in Table 2.

Parts a and b of Figure 5 show the density profiles of
A blocks for N = 24 and 96, respectively, at different
temperatures. We see that by taking the capillary-wave
broadening into account good agreement is achieved
between the simulated and calculated segmental density
profiles; this is consistent with ref 42. Note, however,
that ¢3°NV(x) in the middle of the A domain is smaller
than that obtained from simulations; the agreement
improves for longer chains and weaker segregation. Also
note that the local minimum of ¢a(x) in the middle of
the A domain at stronger segregations is caused by the
nonuniform distribution of solvent (vacancy) sites, which
we shall discuss in section 3.4; in the case of ¢c = 1,
¢a(x) always has the maximum in the middle of the A
domain.

3.4. Solvent Density Profiles. As mentioned earlier,
the vacancies in our simulations can be viewed as
neutral, good solvent molecules. They accumulate at
lamellar interfaces to screen the repulsion between A
and B segments, resulting in nonuniform solvent den-
sity profiles. Parts a and b of Figure 6 show the solvent
density profiles at eN = 10 and 40, respectively. We
characterize the maximum excess in the solvent density
by Age™ = ¢a™ — ¢s = 3 — 0.2, i.e., by the
difference between the maximum and the average
values of ¢s(x). The results for eN = 20 (not shown)
exhibit the same qualitative features as those for eN =
40, with values of A¢c™ between those shown in
Figure 6, parts a and b for the same N. We can see that
the theoretical predictions are in qualitative agreement
with simulations; A¢a® occurs at the A—B interfaces,
and it becomes smaller for larger N and for smaller eN.
However, while the SCMF predictions (at y,N) over-
estimate the variation of ¢s(x), the least-squares fit of
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Figure 5. Segmental density profiles of A blocks ¢a(x) at ()
N = 24 and (b) N = 96. The values of y,N and s? used in the

SCMF calculations and the convolution approximation are
listed in Table 2.

segmental density profiles underestimates it by about
50% in all cases.

In our SCMF calculations, the largest A¢e® is about
0.288 (for the case of N = 24 and y,N = 179.8, shown in
Figure 6b); the small variation of ¢s(X) (Age™ < 0.04)
obtained by Whitmore and Noolandi is due to their
longer chain lengths (100 < N < 2000)%. Actually, from
egs 3, 6, and 8, we obtain for large N and small ws(r)
(small xN)

_ g
¢s_¢s%_ﬁ¢s (22)

Other interesting features of the solvent density profiles
are the local maxima in the middle of the A and B
domains, which appear in our simulations for the eN =
20 and 40 cases, but not for the eN = 10 case. While
the SCMF calculations (at y,N) exhibit local maxima
in all cases, most of the discrepancies for the eN = 10
case are resolved by the convolution approximation. As
shown in Table 2, for the eN = 10 and 20 cases, the
lamellar period | specified in our simulations is about
20% larger than ly (the dimensionless equilibrium
lamellar period that minimizes the free energy per
chain) predicted by the SCMF theory at corresponding
2«N; lamellae are therefore stretched in these SCMF
calculations. As pointed out by Whitmore and Noolandi,
this stretching of lamellae could give rise to the local
maxima of ¢s(x) in SCMF calculations.® In contrast to
their finding that local maxima do not occur at 1,55 we
do observe local maxima in our SCMF calculations at
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Figure 6. Solvent density profiles ¢s(x) at (a) eN = 10 and
(b) eN = 40. The values of y,N and s? used in the SCMF
calculations and the convolution approximation are listed in
Table 2.
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Figure 7. Solvent density profiles ¢s(x) at equilibrium lamel-
lar period Lo predicted by the SCMF theory.

lo for all values of y,N listed in Table 2; this is shown
in Figure 7 for the cases corresponding to eN = 10.
These local maxima become more pronounced for shorter
chains and larger yN; only for longer chains and smaller
xN do they vanish.
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Figure 8. A-end distribution Ea(x) and A-joint segment distribution Ja(x). Uniform distributions of A-ends and A-joint segments
in the system would give Ea(x) = 1 and Ja(x) = 1, respectively. Parts a and b present results for eN = 10; parts ¢ and d present
results for chain length N = 24. The values of y,N and s? used in the SCMF calculations and the convolution approximation are

listed in Table 2.

3.5. Chain End and Joint Segment Distributions.
Parts a and b of Figure 8 show the A-end and A-joint
segment distributions Ea(x) and Ja(x), respectively, at
eN = 10. (Recall that uniform distributions of A-ends
and A-joint segments give Ea(x) = 1 and Ja(x) = 1,
respectively.) Both simulations and theoretical calcula-
tions show slightly broader distributions of Ea(x) and
Ja(x) for larger N. Parts ¢ and d of Figure 8 show Ea(X)
and Ja(x), respectively, for N = 24. As expected, chain
ends and joint segments are more localized at lower
temperatures. However, the distribution of chain ends
is much less sensitive to temperature than that of joint
segments. This is because the distribution of chain ends
is mainly entropy-dominated, while that of joint seg-
ments is mainly energy-dominated. Therefore, even at
the lowest temperature T* = 0.6 (N = 24 and y,N =
179.8), where the system is considered to be in the
strong segregation regime according to the square-
wavelike ¢a(x) shown in Figure 5a, we still have a broad
distribution of A-ends within the A domain, while the
A-joint segments are highly localized at the A—-B
interfaces.

In all cases, the least-squares fit of the segmental
density profiles gives broader distributions for both
Ea(X) and Ja(x) than those obtained from simulations.
As expected, the shorter the chain length and the
stronger the segregation, the larger the discrepancy. As

shown above, the same trends are observed on both ¢a(x)
and ¢s(x).

3.6. On the Equilibrium Lamellar Period. From
our bulk simulation data presented in ref 32, which
were obtained from extensive simulations for symmetric
diblock copolymers of N = 24, we estimate the equilib-
rium lamellar period to be Lo = 12 + 0.1 (in units of
lattice spacing) at T* = 2.4 and u* = 41; this gives Ip =
Lo/Rg,0 = 4.96 £ 0.04. However, our SCMF calculations
for N = 24 at the corresponding y,N and the same ¢c =
0.800 give lp = 4.154, about 16% smaller than that
obtained from simulations. Since chain swelling at this
high ¢c is rather small (about 2% of Rgp), it cannot
explain this discrepancy. Because of the excessive
computational demands,32:3¢ we have not estimated Lo
for other chain lengths and temperatures from simula-
tions and therefore cannot make further comparisons
with the SCMF theory at this point.

3.7. On the Scaling with eN. Fried and Binder
proposed that €N is an approximate scaling variable for
static properties of symmetric diblock copolymers; the
relaxation time for the slowest fluctuation modes of the
system, N/S* (where S* denotes the maximum value of
the spherically averaged collective structure factor),
0*Rg(¢c) (Where g* locates S*), rg = Rg(éc)/Rg, o(éc), ras
= Ras/Ras, 0 (Wwhere Rag denotes the distance between
the center-of-mass of A and B blocks of the same chain,
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and the subscript 0 denotes the athermal condition), and
ri = Ri/R; o (where R; denotes the copolymer principal
radii, i = 1, 2, 3), all approximately scale with eN.1415
The scalings of rq and rag were confirmed in simulations
by Weyersberg and Vilgis, where they also reported a
scaling of dee = Dee(¢c)/Deeo(¢c) (Where Dee denotes the
chain end-to-end distance) with N, and an almost
constant rgp = Rgb(éc)/Rgp, o(¢c) ~ 1 (where Ry, denotes
the block radius of gyration).® They also showed that
rg is almost independent of ¢c for 0.6 < ¢c =< 1.6
Hoffmann and co-workers reported that Sg/S*,
0*Rgo(¢c), the ratio of the average domain size esti-
mated from box-counting to Ry o(¢c), I'g, ra, and rgp, all
scale with eN.2°

In earlier simulations the quantities of interest were
calculated for different N and at different T*, but with
a simulation box having two or three equal sides of
arbitrary length.14-1629 For ordered lamellar phases, the
mismatch between the periodic boundary conditions
(PBC) and Lo (which varies with both N and T%*)
influences significantly the results of simulations and,
in some cases, gives rise to large deviations of L from
Lo. The large scatter of earlier scaling simulation data
within and below the range of the ODT, as compared
to their results for the disordered phase,*~16:2% could
be partly due to such mismatch. References 17 and 26
have clearly demonstrated the influence of different
specified lamellar period L on various quantities of
interest. Better scaling data were obtained by Kremer
and co-workers using constant-pressure molecular dy-
namics, where L was automatically adjusted to Lo
during the simulation.27:30

To alleviate some of the problems of constant-volume
simulations, in this work we carefully choose the box
sizes according to the estimated Lo for N =24 at T* =
2.4. Note, however, that the mismatch between the PBC
and L cannot be completely eliminated because of the
lattice model. Nevertheless, we expect the influence of
the mismatch to be small in our simulations. Our results
for rg and rag, listed in Table 2, exhibit good scaling with
eN in the ordered lamellar phase, even in the strong
segregation regime at eN = 40. We also see from Table
2 that the dependence of rg, on €N is fairly weak, at
least for the ordered phase. Differences in profiles for
various N at the same ¢N (see Figure 6, as well as
Figure 8, parts a and b), however, suggest that for chain
lengths considered here eN may not be an ideal scaling
variable for quantities related to the collective structure
factor of the ordered phase.

The good scaling of ry with €N, even in the strong
segregation regime, indicates that Ry(N) O N2 (at
constant eN) for highly concentrated solutions or melts,
regardless of the degree of segregation. This is confirmed
by our results shown in Figure 3b. It has been shown
that, due to the repulsion between A and B segments,
chain-stretching occurs even at temperatures well above
the ODT; the copolymer chain conformation is there-
fore not Gaussian, except under athermal con-
ditions.13-18.212325-31,33,35.36 Therefore, the Rq(N) O N2
relation is not equivalent to the Gaussian chain con-
formation; the Rag(N)/Rg(N) = /2 relation proposed by
Fried and Binder!* provides a better characterization
of Gaussian behavior for symmetric diblock copolymers.

4. Conclusions

We have quantitatively examined the predictions of
a self-consistent mean-field (SCMF) formalism by com-
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paring them with results of Monte Carlo simulations
for bulk lamellar structures of symmetric diblock co-
polymers A—B in concentrated solutions of a neutral,
good solvent. A convolution approximation is used to
take into account the capillary-wave broadening of
lamellar profiles, which is absent in the SCMF theory.
In dimensionless form, the SCMF equations for the
system of interest have four input parameters: the
average copolymer segmental density ¢c, the dimen-
sionless unit cell length I, the chain length N (this is
not a parameter for the case of incompressible diblock
copolymer melts), and the product yN (where y is the
Flory—Huggins parameter for the repulsion between A
and B segments). In this work, values of these param-
eters are directly taken from simulations, except that
the value of y is extracted from simulations at a given
€ (the actual parameter used in simulations to charac-
terize the A—B repulsion) in different ways, namely
from the energies or chemical potentials of the copoly-
mers; these values are denoted by ye and y,, respec-
tively.

Large differences are observed between the values of
xe and y,, particularly at low temperatures. The product
of x.N, rather than yeN, provides a suitable measure of
the degree of segregation of symmetric diblock copoly-
mers. On the basis of the segmental density profiles
predicted by the SCMF theory at x,N, we adjust the
mean-square displacement of the local A—B interfaces
(a parameter in the convolution approximation) to
achieve a least-squares fit of simulated segmental
density profiles. We then compare the solvent density
profile, as well as the chain end and joint segment
distributions, without further adjustable parameters.
While the theoretical predictions are in qualitative
agreement with simulation results, we see that the
shorter the chain length and the lower the temperature,
the larger the discrepancy between these two. We find
that theoretical predictions underestimate by about 50%
the variation of solvent density profiles caused by the
segregation of the neutral solvent at A—B interfaces.
This could be of importance in the context of recent
applications of the SCMF theory to the study of solvent
effects in block copolymer solutions.*”66:67 The SCMF
theory also seems to underestimate the equilibrium
lamellar period.

Our simulations show good scaling of chain dimen-
sions with the interaction parameter €N, even in the
strong segregation regime; this implies that the radius
of gyration of diblock copolymer chains Rg(N) is propor-
tional to N2 (at constant ¢N) for highly concentrated
solutions or melts, regardless of the degree of segrega-
tion.
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5. Appendix

We discretize the space domain into m nodes, denoted
by r; (i = 1, ..., m). We represent the values of any
variable p(r) at these nodes by a vector p = [p(r1), p(r2),
..., p(rm)]™. The SCMF equations can then be rewritten
into a set of nonlinear equations (Fi[wa, wg],F2[wa, ws])T
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Figure 9. Accuracy in the free energy per chain f. for
incompressible symmetric diblock copolymer melts (¢pc = 1)
at yN = 40 and the dimensionless unit cell length | = 4.773.
m and n are the number of subintervals in the space domain
and the time domain (the s domain), respectively. In the
legend, C denotes the Crank—Nicolson scheme, and D denotes
the Douglas scheme.

= 0 with wa and wg being the independent variables,
i.e.at each node
— wg — %asN(Pg — @4) —
(tas — x8sIN(L — ¢¢) (23)
bc = ¢at ¢g (24)

bV exp(—w</N
F2=¢c_1+¢s p(—ws/N) (25)
Jexp(—wg/N) dr
wpt+ wg — xagN@
g = - = 2 2 N(asPa T xpsPs) —
(tas T xes)N(L — ¢¢)
2

Fi=w,

(26)

In the case where ¢c is given, e.g., incompressible
diblock copolymer melts?*® or specified density profile of
diblock copolymers near hard walls,®® eqs 24—26 are
replaced by

Fo=¢c — ¢p— ¢ (27)

¢a and ¢p in the above nonlinear equations are calcu-
lated from eqgs 1, 2, 4, 5, and 7. We solve this set of
nonlinear equations by a quasi-Newton method.® Note
that only 2m — 1 out of the 2m variables wa and wg
need to be solved; i.e., we have only 2m — 1 unknowns.
This is seen from the fact that if a set of w) and wg is
the solution, then the set of w) + ¢ and wg + c is also
the solution with c being an arbitrary constant (i.e., they
result in the same densities and the same free energy).
Therefore, an arbitrary value must be assigned to one
of the 2m variables, e.g., wa(ri).

We employ the Douglas scheme,° a finite difference
scheme having a second-order accuracy in the time
domain (in our case the s domain) and a fourth-order
accuracy in the space domain, to solve the modified
diffusion equations. The space domain and the time
domain are discretized into m and n equal subintervals,
respectively. Figure 9 demonstrates the accuracy of f;
in our calculations for incompressible symmetric diblock
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copolymer melts (¢c = 1 at any position r) at yN = 40
and | = lp = 4.773. The Douglas scheme with m > 200
and n = 10* (m = 80 and n = 2000) gives an accuracy
of £1075 (£107%) in f. at yN = 40. As yN increases, the
variation of the densities and the mean fields in the
system also increases, and larger m and n are required
to reach a target accuracy. In most of our theoretical
calculations, we use n = 3840, 7680, and 15360 for eN
= 10, 20, and 40, respectively, and 240 < m < 400
(depending on the size of the simulation box); we
estimate that our accuracy in f; is between +10~7 and
+10~4 for these calculations. The only exception is that
m = 2240 (or 2400) and n = 7680 are used when we
perform calculations at y,N corresponding to eN = 40,
which gives an accuracy of £1072 in f..
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